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Abstract

When contracting a formula from a belief base, two desider-
ata compete: one wants to avoid including any new belief in
the process (inclusion) but may want to be able to recover
information that was in the base before the contraction took
place (recovery).

The AGM paradigm imposes both constraints on contraction
operations. However, for finite belief bases inclusion and re-
covery cannot be simultaneously satisfied.

In this paper, we examine constructions that weaken the in-
clusion constraint and retain some form of recovery. We show
that depending on what is allowed to be added, we obtain a
counterpart to the principle of minimal change, where we add
just enough information to allow recovery.

Introduction

Belief Revision (Girdenfors 1988; Girdenfors and Rott
1995; Hansson 1999) deals with the problem of accommo-
dating new information into a body of existing beliefs. The
new piece of information may be inconsistent with the pre-
vious information held by the agent. In this case, he may
have to give up some previous beliefs.

The problem has been extensively studied in the litera-
ture and most formal proposals derive from what is known
as the AGM paradigm, due to the initials of the authors
of (Alchourrén, Girdenfors, and Makinson 1985). In the
AGM paradigm, three operations of belief change are distin-
guished: expansion, which is the simple addition of a new
belief; contraction, which consists in removing the desired
belief; and revision, which consists in adding a new belief in
such a way that the resulting set is consistent.

In the AGM paradigm, the beliefs of an agent are rep-
resented by a set of formulas closed under logical conse-
quence, a belief set. The operation of expansion is obtained
by adding the new belief and closing the resulting set un-
der logical consequence. The operations of contraction and
revision are not uniquely defined, but restricted by a set of
desired axioms (the rationality postulates). Several mathe-
matical constructions were proposed that have the property
of being equivalent to the set of postulates, in the sense that
not only an operation following these constructions satisfies
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the postulates, but also any operation satisfying the postu-
lates can be obtained from these constructions (Géardenfors
1988). All of these constructions satisfy the Levi identity,
that shows how revision can be obtained from contraction
and expansion. Therefore, in this paper we will concentrate
on the contraction operation.

The six basic AGM postulates for contraction are listed
below:

(K-1) K — g is a belief set (closure)

K-2) K — ¢ C K (inclusion)

K-3)If o € K, then K — ¢ = K (vacuity)

(K-4) If not - ¢, then p & K — ¢ (success)

(K-5) K C (K — @) + ¢ (recovery)

(K-6) If - ¢ < 9, then K — p = K — 1 (extensionality)

These postulates are supposed to capture the intuition be-
hind the operation of giving up a belief in a rational way.
Postulate (K-1) says that the result of contracting a belief
set by a formula should again be a belief set. The next pos-
tulate assures that in an operation of contraction no new for-
mulas are added to the initial belief set. If the formula to
be contracted is not an element of the initial belief set, then
by (K-3) nothing changes. Postulate (K-4) says that unless
the sentence to be contracted is logically valid (and hence,
an element of every theory), it is not an element of the re-
sulting belief set. The recovery postulate (K-5) is the most
controversial one (Makinson 1987). It says that a contrac-
tion should be recoverable, that is, that the original belief
set should be recovered by expanding by the formula that
was contracted. The last postulate assures that contraction
by logically equivalent sentences produces the same output.

The postulate of recovery has been debated since the very
beginning of the AGM paradigm. We want to avoid contrac-
tion operations that simply discard all the beliefs. Intuitively,
when we contract by a formula «, we want to discard a min-
imal subset of the belief set such that the resulting set does
not contain «. This is known as the Principle of Minimal
Change. Recovery is one way to try to capture this minimal-
ity, but some examples show that the postulate may be too
strong:

Example 1 (Hansson 1999): “I have read in a book
about Cleopatra that she had both a son and a daughter. My



set of beliefs therefore contains both p and ¢, where p de-
notes that Cleopatra had a son and ¢ that she had a daughter.
I then learn from a knowledgeable friend that the book is in
fact a historical novel. After that I contract p V ¢ from my
set of beliefs, i.e., I do not any longer believe that Cleopatra
had a child. Soon after that, however, I learn from a reliable
source that Cleopatra had a child. It seems perfectly reason-
able for me to then add p V ¢ to my set of beliefs without
also reintroducing either p or q. This contradicts Recovery.”

Operations that satisfy (K-1)-(K-4) and (K-6), i.e., that do
not satisfy recovery, were called withdrawals in (Makinson
1987). There are several constructions in the literature that
do not satisfy recovery (Makinson 1987; Fermé 2001; Rott
and Pagnucco 1999), but for belief sets they all present some
other undesirable property.

The postulates of success and inclusion are sometimes
seen as the minimal requirements for a contraction opera-
tion. Together they state that the desired belief is removed
and nothing else new is included in the belief set. (Booth et
al. 2005) calls retraction an operation that satisfies (K-1),
(K-3), (K-4) and (K-6) plus K — | = K (failure). A retrac-
tion does not satisfy recovery or inclusion. The idea is that
the contraction of a formula can “liberate” other beliefs that
were abandoned because of that formula.

An alternative representation to belief sets is the use of
belief bases, i.e., sets of formulas that are not necessarily
closed under logical consequence. Besides being more ex-
pressive (as we can always derive the corresponding belief
set taking the closure of a belief base), belief bases have
clear advantages from the computational point of view. For
belief bases, there are constructions that seem reasonable
and do not satisfy recovery, as we will show later. The use
of belief bases instead of logically closed sets brings with it
the possibility of distinguishing between different syntacti-
cal representations of the same information. The belief bases
B; ={p,q}, Bo = {p A q},and B3 = {p,p — q} are all
different, although they imply exactly the same formulas ac-
cording to classical logic. We can look at this possibility as
an advantage in terms of expressivity. If we do not want to
distinguish between the three cases, we only have to look to
the formulas in the logical closure of the bases.

In this paper we will discuss the role and adequacy of the
inclusion postulate and its relation to recovery. If we move
from closed belief sets to belief bases, the postulate may be
too restrictive, as the following examples show:

Example 2: Suppose we have a belief base containing
p A g, which stands for the fact that Cleopatra had a son (p)
and a that she had a daughter (g). If we want to contract the
base by p, i.e., we want to remove the belief that she had a
son, we have to give up the whole conjunction, and since the
formula ¢ is not included in the base, we give up the belief
that Cleopatra had a daughter too.

Example 3: Suppose I believe that penguins are birds
(p — b) and that birds fly (b — f). Now I want to con-
tract my belief that penguins fly (p — f). We may want
to end with the belief that all birds except for penguins fly

((b A =p) — f). This is also not allowed if the inclusion
postulate holds.

The third example is a typical case of what (Maranhao
2001) calls Refinement, where there is a rule that needs to
be weakened in order to accommodate exceptions.

We would like to have a construction that allows us to
keep parts of formulas being removed. In this paper, we
will present some ideas on such constructions. We will
present two constructions for contraction without inclusion:
one which is based on the idea of first expanding the base
and then applying partial meet contraction (Alchourrén,
Girdenfors, and Makinson 1985) to it and one where we first
apply partial meet contraction to the base and then expand
the result.

It is important to note that even if we are questioning the
adequacy of inclusion, we are concerned about it with re-
spect to belief bases. We are not willing to allow completely
new information to be added during contraction (as is the
case of retraction), but only to allow the addition of infor-
mation that was previously derivable. If we look at the clo-
sure of the belief base, we are not adding, but just retaining
information.

The rest of the paper is organized as follows: in the next
section, we introduce partial meet contraction of belief bases
and its properties. Then we give an example of contraction
without inclusion and propose a more general construction.
We show that this construction can be instantiated and give
rise to operations with different properties. We also pro-
pose a second construction together with a new rationality
postulate and show how to introduce the idea of degrees of
recovery.

Throughout the paper we use lower case letters to denote
atoms, Greek lower case for formulas and upper case letters
to denote set of formulas. We consider C'n to be the classical
consequence operator and A - « if and only if « € C'n(A).

Contraction of Belief Bases

In this section, we will present postulates and a construc-
tion for contraction of belief bases. We will then discuss the
properties of the operation.

The first construction for contraction that was proposed
and proved to be equivalent to the six AGM postulates
was Partial Meet Contraction (Alchourrén, Gardenfors, and
Makinson 1985). The operation is based on the idea of se-
lecting maximal subsets of a belief set that do not imply the
formula to be contracted.

Given a belief set K and a formula «, the remainder of K
and o, denoted by K |« is the set of maximal subsets of K
that do not imply .

Definition 1 (Alchourrén and Makinson 1982) Let X be a
set of formulas and o a formula. Forany setY,Y € X la
if and only if:

e YCX

e Y«

o forallY' suchthatY CY' C X, Y' - au



The operation of contraction is based on selecting the best
sets in K 1« and taking their intersection. The choice is
encoded into a selection function:

Definition 2 (Alchourron, Gdrdenfors, and Makinson
1985) A selection function for K is a function -y such that:

o fKla#0, then() #v(KLla)C Kla.
e Otherwise, (K La) = {K}.

Definition 3 (Alchourron, Gdrdenfors, and Makinson
1985) The partial meet contraction operator on K based
on a selection function vy is the operator —., such that for all
sentences o

K— o =v(KLla).

The operation of partial meet contraction was proven to
be completely axiomatized by the set of postulates (K-1)-
(K-6):

Theorem 4 (Alchourrdon, Gardenfors, and Makinson 1985)
An operation — is a partial meet contraction if and only if it
satisfies postulates (K-1)-(K-6).

The same construction can be used for belief bases. It is
easy to see that for belief bases, —, satisfies (K-2), (K-4),
(K-6) and a stronger version of (K-3) that we call logical
vacuity: If a ¢ Cn(B), then B —«a = B. To see that it does
not satisfy (K-5), we can look at the Cleopatra example:

Example 1 Revisited: Let B = {p,q}. Then the re-
mainder of B and p V q is BL(p V q) = {0}. Hence,
Y(BL(p V q)) = {0} and the contraction is given by
B—,(pVq) = 0.

But adding p V g again does not necessarily bring all the
information back: B Z B—,(pV q)+ (pVq) ={pVq}.

Given a contraction operator on belief bases, we can de-
fine a contraction operator on belief sets generated from it
by taking the closure of the result. If — is a contraction
on belief bases, then it generates an operator —’ such that
Cn(B) =" a = Cn(B — «). If —, is a partial meet base
contraction, the example shows that even the operation on
belief sets generated from it does not satisfy recovery, i.e.,

Cn(B) £ Cn(B—(pVq)) + (pVq) =Cn({pV q}).

Actually, Hansson (Hansson 1999) has shown that under
very general conditions, any base-generated contraction op-
eration fails to satisfy recovery.

Hansson has proposed an alternative axiomatization for
partial meet base contraction and proven that it is equivalent
to the construction:

Theorem 5 (Hansson 1992) An operator — is an operator

of partial meet base contraction on B if and only if:

o Ifad Cn(D), then o & Cn(B—a) (success)

e B—«a C B (inclusion)

o If 3 € B\ (B—a), then there is some B’ such that
B-aC B CB a¢gCn(B')anda € Cn(B'U{F})
(relevance)

o [f for all subsets B’ of B, o € Cn(B’) if and only if
B € Cn(B'), then B—a = B—f3 (uniformity)

The inclusion and success postulates are the same as (K-
2) and (K-4). The closure postulate ((K-1)) does not apply
to belief bases. The last postulate (uniformity) is a stronger
version of extensionality. Instead of recovery, Hansson sug-
gested the relevance postulate in order to capture the idea of
minimal change. In a contraction by «, the only formulas
given up are those that somehow contribute to the derivation
of a.

As we have seen, adapting the traditional AGM construc-
tion of partial meet contraction to belief bases results in an
operation that satisfies inclusion and success, but not recov-
ery. In the next section, we will see how weakening inclu-
sion can bring back some sort of recovery.

Contraction without Inclusion

We have seen in the Introduction that even the inclusion pos-
tulate may be too strong when talking about belief bases. We
would like sometimes to retain parts of the beliefs that are
being given up, which means replacing them by some of
their consequences. The second Cleopatra example (Exam-
ple 2) shows that we may want to have {p A ¢} — p = {q},
i.e., instead of giving up the conjunction, replace it by one
of its conjuncts.

Giving up inclusion all together may bring too much free-
dom for the allowed constructions: we could end up adding
just any formula that did not threaten success, such as hav-
ing {p} — p = {¢}. The idea is to weaken the postulate so
as to allow the addition of some kinds of formulas. In this
section and the next one, we will explore some possibilities.
The constructions that we propose satisfy logical inclusion,
a weaker version of inclusion proposed in (Hansson 1989):

(logical inclusion) Cn(B — ) C Cn(B)

Note that if C'n is Tarskian, logical inclusion is equivalent
to B — a C Cn(B). We will use any of the two forms in
this paper. Hansson called an operation satisfying success
and logical inclusion a pseudo-contraction.

Following the same line, we may think of a weaker ver-
sion of recovery. Recall that recovery for belief bases would
state that B C (B — a) U {a}. We can relax the postulate
requiring only that the original base is contained in the clo-
sure of the result of first contracting and then expanding by
the same formula:

(logical recovery) B C Cn(B — a + «)

It is easy to see that logical recovery is indeed weaker
than recovery. Recovery implies logical recovery, since C'n
is Tarskian. If we look again at Example 2, we can think
of an operation that satisfies logical recovery but does not
satisfy recovery.

Example 2 Revisited: Let B = {p A ¢}, and suppose we
want to give up the belief in p and retain the belief in ¢, i.e.,
we want that the result of removing p from B is B—p = {q}.
If expansion is defined in the usual way, as the simple union
of a base and a formula, than B Z (B — p) + p = {p,q},
but B C Cn({p, q}).



Nebel has proposed a construction for pseudo-contraction
that satisfies logical recovery. The idea is to add to partial
meet contraction some consequences of the formulas of the
original belief base so that they allow for the recovery of the
contracted sentences:

Definition 6 (Nebel 1989) Let B be a finite belief base, o a
formula and v a selection function.

Beo — B
“T NY(BLa)U{a— B|3 € B} otherwise
It is easy to see that not all formulas of the form o —

have to be added, we can restrict ourselves to those § such
that 3 € B\ () v(BLa) and still retain logical recovery:

Proposition 7 Let B be a finite belief base, o a formula and
~ a selection function and define the contraction B — « as:
B ifa € Cn(D)

B—a = { NA(BLa)U{a — I8 € B\NY(BLa)}
otherwise
Then — satisfies logical inclusion, logical vacuity, suc-
cess, logical recovery and extensionality.

Proof: Logical inclusion, logical vacuity, logical recov-
ery and extensionality follow directly from the construction.
To see that success is satisfied, suppose that « ¢ Cn(0)
and o € Cn(B—a). Then there are (1, 0s,...,0, in
B\ N7v(BLla) such that y(Bla) U{a — f1,a —
Bay...,ac = B} F «a. Using the deduction theorem and
the fact that (&« — ) — « is equivalent to «, we have that
N7v(BLla) F «, which we know cannot be the case (since
this is the traditional partial meet construction). a

In a sense, Nebel’s construction seems to have been
coined to satisfy recovery. There is no other intuition about
why exactly the implications of the form {a — (|3 € B}
should be added.

If we go back to our second Cleopatra example (Example
2), Nebel’s pseudo-contraction (or the more economic form
of it) would make {p A ¢} —p = {p — p A ¢}, which means
that if we do not believe anymore that Cleopatra had a son,
we do not know anything about her having a daughter.

We will propose here a slightly different construction.
Suppose that we have a partial meet contraction for a be-
lief base B, with an associated selection function . Instead
of taking the result of the contraction and then adding some
formulas, we will first expand the belief base and then per-
form a partial meet contraction.

Let C'n* denote an operation that generates some conse-
quences of a set of formulas, i.e., Cn*(A) C Cn(A4). As
an example, we could have Cn*(4) = {a V fla € A}.
Given a selection function ~ for a set B, we can extend -y to
a selection function for a superset of B. Such extension is
usually not unique.

Definition 8 Let v be a selection function for B and let B*
contain B. An extension of vy to B* is a selection function
~* such that for every Y € ~*(B*_La«) there is an X €
v(BLla) such that X CY.

Observation 9 Let v be a selection function for B and let
B* contain B. If v* is an extension of v to B*, then for any
X € y(BLla) thereisaY € v*(B* La) such that X C Y.

if o € Cn(0)

We define the general partial meet pseudo-contraction by
first expanding B by a set containing some of the conse-
quences of the formulas that would be given up in a partial
meet contraction, and then applying partial meet contraction
on the expanded base. The set of formulas that would be
given up is given by {5|3 € B\[)y(BLa)} and the conse-
quences that will be used are selected by Cn*. We call B*
the result of expanding B with the selected consequences.

Definition 10 Ler B be a finite belief base, o a formula
and ~ a selection function for B. The general partial meet
pseudo-contraction B — « is given by:

B_u-lB if a € Cn(0)
1 NY*(B*La) otherwise

where B* = BU Cn*({8|6 € B\ (v(BLa)}) and v*
is an extension of 7.

Proposition 11 The pseudo-contraction operation defined
as above satisfies logical inclusion, logical vacuity, success,
and extensionality.

Proof: Directly from the definition and the observation
that () v(B_La) satisfies extensionality, thus equivalent for-
mulas generate the same B*. O

The proposition shows that general pseudo-contraction
satisfies some form of inclusion, vacuity, success and ex-
tensionality, four of the five relevant AGM postulates (clo-
sure is not applicable to belief bases). Moreover, if we
consider the operation on belief sets generated from gen-
eral partial meet pseudo-contraction, it satisfies closure, in-
clusion, vacuity, success, and extensionality. Whether this
construction satisfies logical recovery or not depends on
the Cn* used. It is easy to see that the restricted form
of Nebel’s pseudo-contraction can be obtained if we take
Cn*(A) = {a — |8 € A}. In this particular case, we
do have logical recovery. And the operation on belief sets
generated from it satisfies recovery.

We can think of different definitions for C'n* depending
on the intuitions. For example, if we look once more to
the Cleopatra example, we may want to allow the addition
of only those consequences which are subformulas of the
formulas removed. The pseudo-contraction operation using
this definition of C'n* does not satisfy logical recovery, as
can be seen from the following example:

Example 4: Let B = {p,p — ¢}. Then Blq =
{{r},{p — q}}. Suppose that ¥(BLq) = {{p — q}}.
Since the only consequence of p — ¢ that is a subformula
of it is the whole formula, we have B* = B. And since ~*
extends v, we must have v*(BLq) = {{p — ¢}}. Hence
B-g={p—qtand BZ Cn(B —q+q).

The operation does not even satisfy the weaker postulate
of relevance, as inclusion may not hold and thus we may not
have a set B’ such that B—a C B’ C B. It does how-
ever satisfy a still weaker version of relevance, introduced
by Hansson in (Hannson 1991):

(core-retainment) If 3 € B\ (B—a), then there is some
B’ suchthat B C B, o ¢ Cn(B’) and « € Cn(B' U{5})



Core-retainment, as relevance, states that if a belief is
given up in a contraction, then it was relevant for the deriva-
tion of the formula contracted. But unlike relevance, it does
not require inclusion. In fact, core-retainment is satisfied
for any general partial meet pseudo-contraction, regardless
of the particular Cn* used (we do not even need to have

Cn*(A) C Cn(A)):

Proposition 12 For any operator Cn*, general partial meet
pseudo-contraction satisfies core-retainment.

Proof: Let 5 € B\ (B—a). Then, there is X €
~v*(B*_La) such that 8 € X. As v* extends ~, there must
beY € y(BLa)suchthatY C X. Thentake B' =Y. O

Another way to relax relevance is to follow what was done
with inclusion and recovery. Instead of requiring inclusion,
we can require logical inclusion:

(logical relevance) If 5 € B\ (B—«), then there is some
B’ such that B—ae C B’ C Cn(B), a ¢ Cn(B’) and a €
Cn(B'U{B}).

Logical relevance is satisfied by any general partial meet
pseudo-contraction whenever Cn* selects only classical
consequences of the set, i.e., Cn*(A) C Cn(A):

Proposition 13 If for every set A, Cn*(A) C Cn(A), then
general partial meet pseudo-contraction satisfies logical rel-
evance.

Proof: Let 5 € B\ (B—a). Then, there is X €
~*(B*_La) such that 8 ¢ X. Since B* C Cn(B), we can
make B’ = X. O

Propositions 13 and 11 show that if C'n* is such that for
every set A, Cn*(A) C Cn(A), then general partial meet
pseudo-contraction satisfies logical inclusion, logical vacu-
ity, success, logical relevance and extensionality. Moreover,
the operation on belief sets generated from it satisfies clo-
sure, inclusion, vacuity, success, relevance and extensional-
ity. (Fuhrmann and Hansson 1994) has shown that for belief
sets, if an operation satisfies relevance, then it satisfies re-
covery. We have then the following corollary:

Corollary 14 A belief set contraction generated from gen-
eral partial meet pseudo-contraction where for every set A,
Cn*(A) C Cn(A), satisfies the six AGM postulates for con-
traction.

Minimal Additions

In the previous section, we have presented a general con-
struction for contraction without inclusion which was based
on the idea of first expanding the base and then applying par-
tial meet to it. In this section, we follow a different approach,
closer to Nebel’s proposal: we first apply partial meet con-
traction to the base and then expand the result. In the end of
this section we show the relation between both approaches.
Recall that Nebel’s construction (Definition 6) adds the
set {&« — (|6 € B} to the result of the partial meet
contraction in order to obtain logical recovery. We have
shown in Proposition 7 that it suffices to add {o — 3|5 €

B\ v(BLa)}. This means adding an implication for each
formula that was given up in the contraction. Can we do with
less than that? That is, are there cases in which we can add
less than that and still retain logical recovery? The answer is
clearly yes: consider a base containing {p A =r,p A =1 A g}
and a contraction by p. Both formulas of the base are given
up, but in order to be logically recoverable, we only need to
addp —pA-rAg.

We would like to ensure that only formulas really needed
for logical recovery are added in the contraction operation.
The following postulate is one option:

(core-addition) If 5 € (B — ) \ B, then there exist 3’ €
B\ (B—a)and B C B —asuchthata — ' ¢ Cn(B’)
buta« — 3 € Cn(B" U {S5}).

This postulate assures that if a new formula is added when
performing a contraction, it is needed in order for some be-
lief that was given up to be recoverable. Core-addition pro-
vides a counterpart to core-retainment with respect to min-
imal change: while core-retainment prevents unnecessary
loss of beliefs, core-addition avoids unnecessary addition of
new beliefs. In particular, the examples 2 and 3 of the in-
troduction do not satisfy inclusion, but they satisfy logical
inclusion and core-addition. In the example 2 we can add ¢
to the base because together with p it implies p A g. Like-
wise, in the example 3 we can add b A =p — f because it
helps to recover b — f.

We are now left with the issue of finding constructions
that satisfy core-addition (together with logical inclusion,
logical recovery and success). The following definition pro-
vides such a construction, using the idea of a minimal set
that together with the partial meet contraction recovers the
base but does not imply the sentence being contracted:

Definition 15 Letr B be a belief base, o a formula and v a
selection function for B. Let A(B, «, ) be a minimal subset
of Cn(B) such that:

e a— € Cn(Nv(BLa) UA(B,a,v) forall 3 € B\
(N (BLa))
e Forall X € Bla, we have o & Cn(X UA(B, a,7))

We define the A-partial-meet pseudo-contraction of B by
as B—a=v(BLla) UA(B,a,%)

Given B, « and 7y, A(B, «, ) chooses one of the minimal
sets that satisfy the two properties, as there may be more
than one. We know that at least one such set exists, since the
set used in Nebel’s construction {o — (|3 € B} satisfies
the two properties and hence there must be a minimal subset
of it that satisfies the properties.

Proposition 16 A-Partial-meet pseudo-contraction satis-
fies success, logical inclusion, logical recovery, logical
vacuity, and core-addition.

Note that the construction does not always satisfy exten-
sionality, since A depends on the particular formula being
contracted. If A is such that for logically equivalent formu-
las o and 3 we always have A(B, «,v) = A(B, 3,7) then
A-partial-meet pseudo-contraction satisfies extensionality.



In this case, the operation on belief sets generated from A-
partial-meet pseudo-contraction satisfies the six AGM pos-
tulates for contraction.

We will now show that this construction is a special
case of general partial meet pseudo-contraction (Definition
10). Recall that general partial meet pseudo-contraction
was defined as (|7*(B*_La), where B* = B U Cn*(B \
N v(BLa)) and v* is an extension of . The definition
of C'n* was allowed to vary, and only for some definitions
we had logical recovery. Let us now consider the case
where Cn*(B \ (v(BLla)) = A. We will show that
N7y (B*La) = Ny(BLla) U A, ie., that the two opera-
tions coincide.

Proposition 17 Let A be a minimal subset of Cn(B) such
that:

ea — [ € Cn(Nv(BLa) UA) forall 3 € B\

(N (BLa))
e Forall X € Bla, we have oo ¢ Cn(X U A)

and let Cn*(B\ (v(BLla)) = A. Then v*(B*La) =
Nv(BLla)UA.

Proof: With Cn*(B \ (v(BLla)) = A we have that
B* = B U A. From the definition of the extension v* we
know that for every element Y of v*((B U A)_La) there
isan X € y(BLla) such that X C Y. From the defini-
tion of remainders, since X is a maximal subset of B that
does not imply «, and since by the definition of A we know
that X U A does not imply «, ¥ must be X U A. This
means that A C Y forall Y € v*((BU A)_La) and hence,
A CNy*((BUA)La). And again by the definition of v*,
N7 (BUA)La) =Nv(BLla)UA. a

This proposition shows that A-partial-meet pseudo-
contraction is a special case of general partial-meet pseudo-
contraction that satisfies logical recovery.

Degrees of recovery

In the construction defined above, we have added enough
formulas to the belief base in order to be able to recover
all the information that was given up during contraction.
A-Partial-meet pseudo contraction satisfies logical recovery
and is minimal in the sense captured by the core-addition
postulate.

As exemplified in the introduction, recovery, as well as
the logical recovery postulate can not always be accepted.
In some cases, however, we may be interested in partial re-
covery, i.e., in making sure that a subset of the previous be-
liefs can be recovered. The core-addition postulate tries to
avoid unnecessary addition of formulas to the belief base.
The additions are minimal in the sense that if some formula
is added to the base it is because it helps to recover some
previously removed formula.

A-Partial-meet pseudo contraction satisfies core-addition
as well as logical recovery. However it is possible to define a
construction for contraction that satisfies core-addition, but
does not necessarily satisfy logical recovery. For this pur-
pose we need to define a function that chooses the formulas
that we want to keep recoverable. In this sense, we can talk

about different degrees of recovery. This function must re-
turn some elements of B \ [|v(BLa). Formally, given a
set of formulas, let f choose a subset of it (for any set X,
f(X) € X). We can easily adapt Definition 15 in order to
have partial recovery controlled by f, where Ay then is the
minimal set that allows recovery of the formulas chosen by

I

Definition 18 Ler f be a function as defined above, B a be-
lief base, o a formula and ~ a selection function for B. Let
A (B, o, ) be a minimal subset of Cn(B) such that:

e v — [ € Cn(Nv(BLa) UAf(B,,7)) forall B €
f(B\(N~(BLa)))
e Forall X € Bla, we have o & Cn(X U Af(B, o, 7)).

We define the A ¢-partial-meet pseudo-contraction of B by
aas B—a=y(BLla)UA¢(B,a,).

This construction makes clear the relation between the
different degrees of recovery and inclusion. At one extreme,
if f selects the whole set, we have logical recovery at the
price of adding new formulas to the contracted base. At the
other extreme, if f selects the empty set, the contraction op-
eration satisfies inclusion, i.e., no new formulas are added.
Between these two extremes there is a whole universe of
contractions that recover parts of the base, each of which
satisfies success, logical inclusion and core-addition.

The adapted construction does not satisfy logical recov-
ery in general, but inherits relevance (and thus, also core-
retainment) from the usual partial-meet contraction included
in it.

And similarly to what we did to A-partial-meet pseudo
contraction, we can show that:

Proposition 19 If Cn*(B \ (v(BLla)) = Af(B,«,7),
then (\*(B* La) = v(BLa)UAf(B,a,7)

This proposition shows that if C'n* is such that it chooses
the same elements as Ay, then A y-partial-meet pseudo-
contraction is a special case of general partial meet pseudo-
contraction.

Conclusions and Future Work

In this paper, we have discussed how weakening the inclu-
sion requirement can provide some sort of recovery for op-
erations on belief bases.

We have proposed two general constructions based on
partial meet that allow some consequences of the original
belief base to be added during contraction. We have shown
that Nebel’s construction (Nebel 1989) is a special case of
our proposals. We have then shown that our proposal allows
for operations that satisfy recovery (like Nebel’s), but also
operations that only satisfy weaker versions of it.

We are left with a whole spectrum of operations varying
from those where any formula can be added (i.e., no inclu-
sion postulate) to those where nothing can be added. In be-
tween, when we use a weaker notion of inclusion, there are
constructions satisfying recovery in different degrees.

Future work includes studying other possible construction
and proving representation results for them. We also plan



to explore the impact of different choices of C'n*, v* and
A(B,a,7).

Definition 15 has connections to abduction that we plan
to investigate. An abduction problem consists in, given a set
A and a formula ¢, finding a set X such that AU X F « and
AU X / L. In our case, we have the set (B — a)) + « and
we are looking for a set A so that ((B — ) +«) UA implies
all formulas of B.
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